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Program

1) Neutrino oscillations in vacuum
2) Neutrino oscillations in matter

- Refractive index

- Effective Hamiltonian

- Constant density

- Slowly varying density

- Adiabatic propagation

- Non-adiabatic evolution

- Three generations




Neutrino flavors and
iInteractions

THE STANDARD MODEL

Flavors are related to

Fermions Bosons

defined interactions i.e.,
creation, absorption or
£ scattering
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Neutrino Oscillations

Can neutrino flavors be
transformed from one to another?
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mass and mixing




Simple analogy from Quantum Mechanics (two flavors)

Consider a patrticle that can be detected in one of the two sides
of a box (A or B). These two states correspond to interactions.
The corresponding quantum states are labeled |[A> and |[B>

Now suppose that the particle has some interaction that allows for transitions
between A and B.
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The Hamiltonian will contain an off-diagonal term to
allow for A-B transitions. Of course, we can add
diagonal terms later.
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Eigenvectors are not |A> and |B>.

Instead
=5 (la-1B) o)== (14]+]3)

With eigenvalues A respectively




In other words

Assume the initial condition




.2 t A
Transition probability P(A— B, 1)=sin <7) oscillations!

Including diagonal terms in the Hamiltonian

‘A> cos® sin0 €1>

. can be chosen
IB)| \—sin® cos6 e,) as real

‘Oﬁ > = ZUai\ei >
)

|e,,; > = Z UZTQ/‘OJI >
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If the initial state is ‘\IJ(O) >—= |a >

—’itEi

Then |\Ij(t) >— Z Uaie R U;a,|a/ >
1,0

Giving a

—itE,;
Pla — a';t) = |ZU0"’3€ ; U;a,|2
7,0




Neutrinos : Let us substitute
A >— |v. > B >— |y, > Q= €,
le; >— |v; > i=1,2

A — (E2 —El)/Q

E = +/(pc)? + (mc?)? ~ pc + (mc*)? /(2pc)

5 Tt T 4 hp

P(v. — v,;t) = sin” 20 sin
0oSsC




Neutrinos In matter h—c—=1

Particles propagating in a medium with
a number density n acquire a

related to the forward scattering
amplitude

See e.g. Raffelt's book

9 E = hw;p = hk
snfo(w)

W real and imaginary part !

Nref — 1+

Imaginary part : total cross section (dispersion)
real part : forward propagation (coherent)

A different approach (closer to QFT) : (w _ V)Q _ kQ + m2
dispersion relations




Standard model effective interaction
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Npef = 1 F QOvGF

Example : electron neutrinos via
charged currents

V = \/§GF’I’L€




Two generations

|Ve> and 7

Effective Hamiltonian
V is diagonal in

Kinetic energies are diagonal in
basis

o E 0N\, [V O
n-v( g ) (o)

E; ~p+m3/2p

vy >
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Time evolution: . d
i—|U >= H|T >
dt

Schrédinger equation

Density will vary in space. For

V — A4”;2 cos 20

H =
Am_ sin 26
p

(plus a diagonal matrix)

Am?

Am?

sin 260
cos 20




Constant density: V(x) =V
a a
a“ a9
B cosf,, sinb,, ai
~ \ —sinf,, cos0,, a9
Matter mixing angle

Am? sin 26

sin 26,,, =

v/ (2pV — Am2 cos 20)2 + (Am?2 sin 26)2




Limiting cases

f Vv > 0 0,, — 0

A =2pV > Am? cos 260 sin 260, — 0

Resonant
behavior

Sin?(28 )
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Resonance position A = Amz cos 26

width AA = 2Am? sin 26
Transition probabilities look like in [ —
vacuum, with the replacements m
Tosc — Lm/c
, o L
P(ve — v,; L) = sin® 26,, sin” 7
m
d7tp
Ly = — 2
Mg — My
, 1,1

| 2A F5 V(A — Am?2 cos 20)2 + (Am? sin 26)2




Slowly varying density

For constant density, mass eigenstates evolve independently.
However, for a general density profile this is not true.

Let's go back to the Schrédinger equation, and
transform to local eigenstates:

Qe . a1
a, = Un(z) (o
i () = vt HU,, — v | (@
dr \ a2 / dx as
I off-diagonal




In other words

1 Am? sin 20 dA
dr 2,/(A— Am?cos260)2 + (Am?2sin 20)2 dx

— Vo

Let us assume that | dr |<< T,
m

adiabatic condition




This will be true if valid at the resonance, i.e. if

’Y:

T

a0 > 1 Adiabaticity parameter
‘ m d;? ‘fres

Under the adiabatic condition, matter
eigenstates evolve independently (no
transitions occur). However, the
composition in terms of flavors (the
mixing angle) will change with density.
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Adiabatic propagation

Assume an electron N
L r =XT;
neutrino is produced at

3
]

Lf

and detected at

—17 m.f 2\ xXr *
() >=Y Uari(Bi)e el B@EU% (9 vy (2;) >




The final IS

1
Plve = v ;x5) = 5(1 — cos 20; cos 20 ¢ — sin 20, sin 20 ¢ cos P)

with oo, 5
¢ = (m5 —m7)dx

For most situations, i
the last term can be
averaged out, giving

P(ve = vysap) =Y |Uni(ay)*|Uei(s)|?

1
= 5(1 — cos 20, cos 20 ¢)




Consider now adiabatic evolution
with the initial condition

A(z;) > Am? cos 20

Then

ve(a:) > |va(x;) > vp(@s) >~ —[vi(a;) >
At low densities, if 0 Is small

vo(xp) > v, (zf) > vi(xyp) > |ve(zy) >




MSW effect

(Mikheev, Smirnov and Wolfenstein)




Non-adiabatic evolution

Effect of level _ y
transitions (crossing probability)

(Landau-Zener)

P(ve — vesay) = ) |Uei(ay)|* Pk Uek (i)

i,k
1 1
=3 + (§ — P.) cos 20, cos 20+

Pio = Py = F, Pi1=Pyp=1-F,




Calculation of the crossing probability

Only a few cases can be solved
analytically:

- Linear profile

- Exponential profile

- Hyperbolic tangent

By expanding the density around the resonance, we obtain a linear approximation

A~A s — 2apx

2
V — Am? cos20 Am
H = 4p 4p
A4m sin 26 Am? cos 20
p 4dp




Adding diagonal terms, one has

—ax/2  c Am?

: az /2 1 sin 20

Two-level problem

- Quantum optics
- Molecular transitions
- Quantum information

T
I

——=AaAX0 4 + CO » [O-ZJ O--’L'] # 0




Analytical solution

With the substitutions

ac(r) = W(2) 2 = ae "4y

One arrives to the equation




Solutions to this equation are the Parabolic Cylinder Functions D,,7 (Z)
(Whittaker and Watson)

two independent solutions are given by D—n—l ( zz)

From the as r — o0 one can extract the
crossing probability

272
P.=e a In our case
Am? sin® 26
P. = exp|—m

4p cos 20| -2 dne Tes]

Nne dx




Example of non-adiabatic evolution

Probability vs.
position
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Three generations U = Vo3Vi3V79

ci1o2  S12 O cij = cosB;;
Vie=| —s12 ci2 O Sij = sin 6y,
0 0 1
C13 0 si3e™°
Vis = 0 1 0 0 s the CP violating
—813625 0 C13 phase

Vog =1 0 ca3  so23
0 —S93 cCo3




Phenomenology

I E— () (m,) .
2 (Am“)sol
(m,)” :
o, v
(‘Am‘_‘)i‘lll'l'l
-V Am)
H v
; - (m,)*
('Amﬂ)sol = ~
(m,)” (M ;)" S —
normal hierarchy inverted hierarchy




Evolution equation

d ae ae
’L@ a, = H a,
a- a-

H =UM?U" + diag(V,0,0)

It can be reduced to an effective two-level system under the

Am3, | < |Am3;| ~ |[Am3,|




Then M? ~ diag (0,0, Am§1/2p)

By performing the transformation

e g
a, = Vo3 ap ‘I/b > decouples, while
a. a. ]tcgﬁoc\)/\ther two
Am§1 2) Am§1
zi ( a, ) _ 2 sis +V T 81230136 ( Qg )
dax Q. Ag;31 8136136”@5 Aggsl %3 Qe
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